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Abstract 

We show that every (continuous) faithful product system admits a (continuous) faithful 
nondegenerate representation. For Hilbert spaces this is equivalent to Arveson's result that 
every Arveson system comes from an iso-semigroup. We point out that for Hilbert modules 
this is not so. As applications we show a C*-algebra version of a result for von Neumann 
algebras due to Arveson and Kishimoto, and a result about existence of elementary dilations 
for (semi-)faithful CP-semigroups. 

Introduction 

Recall that a correspondence over S (or, more generally, from Jl to S) is a (right) Hilbert 
S-module with a nondegenerate left action of & (or of J?T) by adjointable operators. The 
(internal) tensor product of correspondences we denote by ©. The algebra of adjointable op- 
erators on a Hilbert S-module we denote by ¥> a (E). Recall that E is full, if span(.E, E) = B. 
We say a correspondence is faithful, if its left action defines a faithful representation. For 
x e E, we define the mapping x* : E — » S by setting x*y = (x, y). The adjoint of x* is 
x : b i-> xb. The algebra %{E) of compact operators on E is the norm completion of the algebra 
3(E) := spax\{xy* : x, y 6 E) of finite rank operators that is spanned linearly by the rank- 
one operators xy* : z i-> x(y,z). Recall that for a unital homomorphism ft: ^"(E) — > B a (F) 
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to be strict is equivalent to that the action of the compacts alone is already nondegenerate: 
span $(X(E))F = F. 

An (algebraic) product system is a family E° = (E t ) teR+ of correspondences E, over a C*-al- 
gebra S with a family of bilinear unitaries u st : E s O E t — > such that the "multiplication" 
defined by x s y, := w u (*s © ?/*) is associative. Moreover, E = & is the trivial correspondence 
over S and w ,f and u tfi are left and right action, respectively, of E = & on A product system 
is is full, if each £ f (£ > 0) is full, and E° is faithful, if each £ ; (? > 0) is faithful. 

A left dilation of a full product system E Q to a full Hilbert S-module E is a family of 
unitaries v t : E O — » £ such that (xy s )zt = x(y s z t ), where we defined xy t := v t {x O i/,). By 
setting #"(a) := u ( (a O id f )i>*, every left dilation gives rise to an E -semigroup = (#") fgR+ on 
S^CEX that is, a semigroup of strict unital endomorphisms. (In these notes, as a convention, we 
always assume that homomorphisms are strict.) 

A right dilation of a faithful product system E Q to a faithful correspondence H from S to C 
(that is, a Hilbert space with a faithful nondegenerate representation of S) is a family of bilinear 
unitaries w t .E t QH^>H such that x t (y s h) = {x t y s )h, where we defined x t h := w t (x t Oh). By 
defining the operator rff(x t ) : h \-> x t h in H>(H), every right dilation gives rise to a representation 
of E°, that is, a family of linear maps rff : £ r — » £(//) such that 

i?(x t yrf?(]tt) = rf Q {{x t ,y t )) and r%(x t )rf s {y s ) = rjl s (x t y s ), 

which is nondegenerate (that is, span rjf(E t )H = H for all ?) and faithful (that is, 77™ and, there- 
fore, all 77^ are injective). By applying the two equations to (xq, 2/0) = *o?/o (^o, *o,* ,!/oe£o = 
£>), and taking also into account nondegeneracy, one checks that 77™ is a representation of B. 
(Note, too, that rffix t (y t ,z t )) = Tifix t )rff{y t yrff(z^, mat is> Vt is a ternary homomorphism. In 
particular, 77" is linear and completely contractive; see Abbaspour and Skeide [ |ASU7| ].) Con- 
versely, if T], is a faithful nondegenerate representation of E° on H, then H is a faithful corre- 
spondence from £ to C via 770 and by setting w t (x t Q h) : = r/ t (x t )h we define a right dilation to 
H. Of course, w t gives back ?7 f as rjf. 

We see that left dilations relate full product systems to ito-semigroups, while right dilations 
of faithful product systems are synonymous with nondegenerate faithful representations. 

An Eo-semigroup & on ¥> a (E) with E a full Hilbert S-module give rise to a full prod- 
uct system E° of ^-correspondences and a left dilation v t such that ■& = §"; see [ |Ske02| , 
gcejgg , gEgjgg ]. Two E'o-semigroups on the same H> a (E) have isomorphic product systems 
if an only if they are cocycle conjugate; see QSkeQ2| ]. In [ )Ske09aj , |SkeQ9c| ] we extended this to 
E'o-semigroups acting on different ¥> a (E) provided the two E are countably generated and over 
unital S ([ |Ske09aQ ) or cr-unital S ( OSke09c| ]). In Skeide [ |Ske07Q , we have constructed for every 
continuous product system of correspondences over a unital C*-algebra B a continuous left di- 
lation, that is, it is the product system of a strongly continuous Eo-semigroup. This dilation is to 
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a countably generated E, if the product system is countably generated. Also this we generalized 
to cr-unital S in HSke09c| ] -PI Combining all this, under the stated countability assumptions in 
[ |Ske09a| ] we obtain a full analogy with Arveson's results QArv89a| , [Arv90a] , |Arv89b| , |Arv90b| ], 
namely, a one-to-one correspondence between ito-semigroups on full Hilbert S-modules up to 
stable cocycle conjugacy and full product systems up to isomorphism. 

In these notes we show that every (continuous) faithful product system of correspondences 
over an arbitrary C*-algebra admits a (continuous) right dilation, that is, a (continuous) faith- 
ful nondegenerate representation (Theorem |2.9| ). Right dilations do not establish such a direct 
relation between product systems and iio-semigroups. It is true that a right dilation (w t ) teK+ of 
E° gives rise to an Eo-semigroup, namely, to the semigroup of unital normal endomorphisms 
8?(a) := w t (\d t Qa)w* t acting on 2 M (H), the von Neumann subalgebra of 'BiH) which consists 
of all bounded bilinear operators on H. However, the ito-semigroup 0", in general, does not 
allow to reconstruct the product system E° uniquely. The following space of intertwining op- 
erators {x t e 15(H): 6™(a)x t = x t a (a e !B M (i/))} contains E, as a (strongly dense) subset in a 
natural way. But E t will coincide with that intertwiner space, only if it is a von Neumann corre- 
spondence over the double commutant of in S(//). (We omit details and refer the reader 
to QSke034 |Ske08| , |Ske06b| ].) Nevertheless, the question whether a product system admits a 
faithful nondegenerate representation is of independent interest. In Section [3] we give some ap- 
plications. We prove a result about embedding faithful i^-semigroups into inner automorphism 
groups (which provides an analogue for C*-algebras of a result by Arveson and Kishimoto for 
von Neumann algebras). And we prove existence of elementary dilations for (semi-)faithful 
CP-semigroups. 

Technically, these notes where we show that every faithful product system admits a right 
dilation, is very similar to Skeide QSke07[ ], where we constructed a left dilation for every con- 
tinuous product system of correspondences over a unital C*-algebra. In cases where the results 
are just analogues of statements in [ [Ske07| ] with analogue proofs (Propositions |2.5|-|2.8|), we do 
not repeat these proofs. Proposition and its corollary, instead, are technically more involved 
(mainly, because we consider sections in spaces that are tensor products), and require new ideas. 

In principle, the reader who is interested only in the proof of the statement, may now pass 



immediately to Theorem [L2| and, then, proceed to Section [2|. But we wish to clarify, why such 
a strange statement like Theorem [T2| is the natural starting point for the construction of a right 
dilation, knowing the successful strategy for constructing a left dilation. The balance of this 
introduction is dedicated to this motivation. 



[aI We use the occasion to mention that the proof in [ Ske07 , Proposition 4.9] that the product system of the 
constructed Eo-semigroup has the same continuous structure as the original product system, has a gap. This gap 



is fixed in [Ske09cJ 
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For product systems of Hilbert spaces E® {Arveson systems) there is not much a difference be- 
tween the construction of a left dilation and the construction of a right dilation. More precisely, 
a left dilation of E® gives rise to a right dilation of E® op (the opposite Arveson system of E® 
with the opposite product (x s , y t ) h-> y t x s ) and vice versa, simply by "inverting" all orders in ten- 
sor products; see [ |Ske06a| ]. (Note, however, that E® and E®" p need not be isomorphic Arveson 
systems; see Tsirelson QTsiOOl ].) 

For Hilbert modules the situation is more delicate. Since there is no canonical flip operation 
for tensor products of correspondences, there is no such thing like the opposite product system 
of E°. However, there is the commutant of von Neumann correspondences (Skeide [ |Ske03a| ] 
and Muhly and Solel [ |MS04| ]). The commutant transforms a product system of von Neumann 
correspondences over a von Neumann algebra S c S(G) into a product system of von Neumann 
correspondences over the commutant T>' of T>. (In fact, the opposite of an Arveson system is 
just its commutant system.) Under commutant, left dilations transform into right dilations and 
vice versa; [ |Ske09d| , Theorem 9.9] or [ |Ske08| , Theorem 3.6(3)]. Also the conditions to be full 
or faithful are interchanged under commutant. 

We see, in the von Neumann case, a proof of existence of left dilation transforms into a 
proof of existence of right dilations. Although, this is strictly true only for von Neumann corre- 
spondences, understanding how ingredients of the proof for existence of left dilations transform 
under the commutant, is crucial for finding our proof here for existence of right dilations in the 
case of C*-correspondences. 

For instance, in Skeide [ |Ske06a| ] we constructed a left and right dilation for every Arveson 
E® = (E t ) t€W , system by starting with a left and right dilation, respectively, of the discrete 
subsystem (E t ) tm of E®, and "blowing it up" suitably. As already mentioned, there is not 
really a difference between left and right, here. It is, however, important to note that the input, 
a dilation of the discrete subsystem, can easily be obtained by choosing a unit vector <5 e E\. 

In [ |Arv06| ], Arveson constructed a right dilation, which turned out to be unitarily equivalent 
to ours; see Skeide QSke06c| ] . In order to construct that right dilation, also Arveson fixes a unit 
vector £1 6 E\. Then he considers the space of right stable sections in L 2 ' loc (E®), that is, of 
locally square integrable sections x: a h» x a e E a , that fulfill x a+ \ = x a g\ for all sufficiently 
big a. He equips this space with a semiinner product (x, y) := J T (x a , y a ) da (which does not 
depend on T for all sufficiently big T). On the quotient Hilbert space the product system acts 
simply by "multiplication" (that is, tensor product) from the left. 

The same construction works for left dilations. We simply start with the space of left stable 
sections (that is, x a+ \ = £\X a for all sufficiently big a), on which the product system acts by 
"multiplication" from the right. This construction of a left dilation also works for Hilbert mod- 
ules as soon as we have a unit vector ^ e Ey (that is, a vector that fulfills (<Ti,£i) = 1 e £), 

rT+l 

because then the semiinner product J T (x a , y a ) da does not depend on T for all sufficiently big 
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T . Note that S must be unital. Continuous product systems of correspondences over a unital 
C*-algebras have unit vectors in all fibres, and apart from more involved technical problems 
due to modules, the proof in [ |Ske07| ] runs like Arveson's [ ]Arv06[ 1. 



Nothing like this is possible for right dilations in the module case: Since (x a Q^\,y a Q^i) = 

rT+l 

(£1 , (x a , y a )£\ ), the semiinner product J T (x a , y a ) da of right stable sections will depend on T, 
unless %\ is a unit vector that commutes with all elements in S. 

The solution to our becomes clear, if we recall that the unit vector corresponds to the con- 
struction of a certain left dilation of the discrete subsystem (E t ) tm of E G . In the construction of 
a right dilation, dual to the construction of a left dilation, that unit vector must be a unit vector 
in the commutant E\ of E\, rather than in E\. 

The construction of the commutant of a correspondence Ei over S is possible, as soon as 
we assume that S c 23(G) is a concrete C*-algebra of operators acting nondegenerately on a 
Hilbert space G: Define the correspondence Hi :=E\OG from & to C. Put E\ : = 23 M (G, Hi). 

1.1 Remark. On Hi we have an action of the von Neumann algebra S' = 23 / "'(G) defined by 
b'(xi O g) := x\ O b'g, the so-called commutant lifting. E\ with inner product (x' v y[) := x!*y\ 
and with left action via the commutant lifting is, then, a von Neumann £' -correspondence. If 
S c 23(G) is a von Neumann algebra and if E\ is a von Neumann S-correspondence, then E\ 
is precisely the commutant of E\ as introduced in [ |SkeU3a| ]. 



We see that a unit vector in E[ is an isometry from G to Hi that intertwines the canonical 
actions of S. 

Existence of an identification S c 23(G) such that there exists a unit vector g[ e E\ follows 
now by existence of a nondegenerate faithful representation of E\ as proved by JHirQ5| , [S"ke09d| ]. 



1.2 Theorem. Let & be a C* -algebra and E a faithful correspondence over < B. Then there 
exists a faithful nondegenerate representation ofS on a Hilbert space G that admits an isometry 
C e 23 W/ (G, E o G). 



Proof. Under the same hypothesis, in [ |Ske09d| , Theorem 8.3] (first QHir05[ ] for the case when 



E is also full) we have shown that E admits & faithful nondegenerate representation. That is, 
there exists a faithful nondegenerate representation n: S — » 23(G) and a map rj: E — > 23(G) 
such that 

Tj(bixb 2 ) = n(bi)T](x)n(b 2 ), n((x,y)) = rj(x)*T](y), span tj(E)G = G. 

We immediately check that E O G = G as S-C-correspondences, via x O g \-* r](x)g. Clearly, 
C ■■= id G is an isometry in 23 fo,7 (G) =£'. u 
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2 The construction 



In principle, like all the constructions in QSke06a| , |Arv06j |Ske07Q , everything works algebraical 



ly, if we take the occurring direct integrals with respect to the counting measure, that is, if we 
take direct sums. But nice continuity (or just measurability) properties of the constructed di- 
lations, of course, emerge only if we choose the Lebesgue measure. For that goal the product 
system must fulfill technical conditions. Here, as in []SkeU7[], we consider continuous prod- 



uct systems as defined in [|SkeU3b|]. Also measurable versions of product systems have been 



considered; see Hirshberg [ |HirU4| ]. 



2.1 Definition. Let E° = (E t ) tm be a product system of correspondences over a C*-algebra S 
with a family i = (i t ) teR+ of isometric (that is, inner product preserving) embeddings i, : E, — > E 
into a Hilbert S-module E. Denote by 

CSi(E Q ) = jx = (x t ) teR+ : x t G E t ,t i-> i,x, is continuous} 

the set of continuous sections of E° (with respect to i). We say E e is continuous (with respect 
to i), if the following conditions are satisfied. 

1. For every y t e E t we can find a continuous section x e CSi(E e ) such that x t = y t - 

2. For every pair x, y e CSi(E e ) of continuous sections the function 

(s,t) i — > i s+t (x s y t ) 

is continuous. 

We say two embeddings i and V have the same continuous structure, if CSi(E°) = CS?(E Q ). 

This is QSke03b| , Definition 7.1] except that S need not be unital. It is motivated by the 
fact that every product system of a strictly continuous ito-semigroup acting on the operators 
of a Hilbert module fulfills these requirements. Condition 1 may be replaced with the weaker 
condition that for every t e R + the set {x t : x e CSi(E°)} is total in E t . Condition 2 may 
be replaced with the weaker condition that for all b e S with x e CSj(E°) also the section 
bx := (bx t ) teR+ is in CS i(E Q ) and that the function (s, t) h-> (z, i s + t {x s y t )) is continuous for every 
z & E and every pair x, y e CSj(E°). See [ |Ske03b| , |Ske07[ ] for details. 



Throughout the balance of this section we shall suppose that E° is faithful and that S c 
3(G) is given as a concrete C*-algebra of operators via the representation guaranteed by The- 
orem [L2| for the correspondence E = E\. 

For each t e R+ we put H t := E t OG. For all s, t e R + an element x s 6 E s has an action 
h t i-> x s h t 6 H s+t on h t e H t defined by setting x s (y t O g) := (x s y t ) O g. 
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Each H t is a correspondence from !B to C (faithful, if and only if E t is faithful) with left 
action defined by setting b{x t Qg) := (bx t ) O a. 

By Theorem |1.2|, we may fix an isometry e S M (G, //i). It would be tempting to consider 
stable sections x of E°, in the sense that x a+l = x a £[ for all sufficiently large a. However, if x a 
is in E a , then x a £[ e H>(G,H a+ i) is, in general, not in E a+l = \g i-» x a+ i O g \ x a+ i e E a+l ] c 
B(G, H a+ i). Thus, we cannot consider sections in E G . Instead, we will consider sections in the 
family E G O G := (H,) teR+ of Hilbert spaces. As is left linear, for each t the operator id, is 
a well-defined isometry in O H\). As E t OH\ = H t+l (as correspondences from S to 

C) via x t Qhi h-> x ? /ii, there is also a unique isometry in "B b,, (H t , H t+l ) that sends x t O g to .x^Jg. 
Also here we shall write the action of this isometry on elements h, e H t simply as h t i-» £[h t . 

2.2 Remark. This notation suggests a relation £[x s = x s £[ for the actions on H t . A fact, that 
may be verified for all pairs x s e E s and y' r e E' r := H> M (G,H,)\ see the proof of [ |SkeU8| , 
Theorem 3.4(1)]. 

The sections /i of £° G we shall consider, will fulfill 

h a+x = ^/Zq, (**) 

for all sufficiently big a. But, before we proceed we need to specify some properties of the 
relevant direct integrals. 

First of all, we note that the embeddings i t : E t — > E give rise to embeddings H t — » H := 
E O G, also denoted by z'„ defined by x, O g h-> (z f Xf) O g. We, therefore, may speak about 
continuous sections h = (h t ) teR+ of E° O G, in the sense that 1 1-» z,/z f is continuous. We denote 
the set of all continuous sections of E Q OG by CS ,(£' G OG). Obviously, whenever x,y e CS i{E°) 
and g & G, then the functions ? i-> i t x t Og and (j, i-> i s + t (x s yt)Og are continuous. The following 
properties are less obvious. 

2.3 Proposition. Every continuous section h e CS j(E Q O G) may Z?e approximated locally uni- 
formly by elements in span CS t {E Q ) O G. Moreover: 

1. For every k t e // f we can find a continuous section h e CS i(E° O G) sz/c/z ?/W /z f = k t . 

2. For every pair x e CS i(E°) and h e CS i(E Q O G) of continuous sections the function 

(s,t) i — > i s+t (x s h t ) 

is continuous. 

Proof. The proof of ([!]) is very similar to the proof of [ |Ske03b] , Proposition 7.9]. Every k t e H t 
may be written as YmK m sucn a wa Y mat Zn ll^ll < 00 > where /c" = 2"=i ?/"' 7 © w ^ m 
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y"' J 6 E t , f n 'j G G (n e N; m n e N; j = 1, . . . , m n ). Choose continuous sections x"-i e CS t (E e ) 
such that x t J = y"' j and such that x"' j © f nJ \\ < Wk'fW for all s e R + , n e M. Then 

h := Z„ Z"=i ^ © /" J is a (bounded!) section in CS,(£ O G) with h t = k t . 

Now let h e CS t (E Q © G) and choose < a < b < oo and e > 0. For every yS e [a, b], by 
the proof of Part (]]]) there exists a section hP in span CSi(E°) © G such that ||/^ - h^\\ < |. For 
every J3 define Ip to be the largest interval such that \\h a - hP a \\ < s for all a e Ip. Every 7^ is 
open in [a, and contains at least fi. Therefore, the family of all Ip forms an open cover of the 
compact interval [a, b]. So, we may choose . . . ,/3 m such that the union over I p. is [a, b]. By 
standard theorems about partitions of unity there exist continuous functions ipi on [a, b] with the 
following properties: 

in 

o < (pi < i, ^ r il = o, = i. 

!=1 

From these properties, one easily verifies that \\h a - || < s for all a e [a,b]. This 

shows that Yj7=i Vih^' 6 s P an CSi(E e ) © G approximates h uniformly up to e on the interval 
[a,b]. 

(0) follows now by three epsilons, approximating h t with an element in span CS i(E°) © G 
on a suitably big interval. ■ 

2.4 Corollary. Ifh : t \-^> h t is a continuous section, then the shifted section 
is continuous for t > 1. 

Proof. By Proposition [O] the elements in span CS /CE ) G approximate ? i-» locally uni- 
formly. So, it is enough to show the statement for sections of the form t i-» jc, O # (x e 
CSi(E G ),g e G). Again by Proposition [23l there is a section h e CS j(E°G>G) such that /?i = £[g. 
Once more, by Proposition ^3] we may choose h, = Yin=\ Ut © (limit locally uniformly in ?) 
for sequences y" e CSj(E°) and e G. Then 

oo 

£O<O0) = x&g = ^x t y"Og n 

n=l 

locally uniformly in t > 0. All t i-> © are continuous locally uniformly, so that also 
? i — > £J(jc ? © is locally uniformly continuous. ■ 

In the sequel, for a section /i of £° G we shall denote /z(?) := Let < a < b < 

rb 

oo. By J a H a da we understand the norm completion of the pre-Hilbert space that consists of 
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continuous sections h e CS j{E Q © G) restricted to [a, b) with inner product 

{h a ,h' a )da = I (h(a),h'(a))da. 

a J a 

Note that all continuous sections are bounded on the compact interval [a, b] and, therefore, 
square integrable. 

In order to see that (later on, in Proposition |2~1j| ) we will have enough sections fulfilling 
the stability condition in (|**|), it is necessary to convince ourselves that J a H a da contains a 



sufficient number of sections that are only piecewise continuous. As in [ |Ske07| , Proposition 4.2] 
we show: 

rb 

2.5 Proposition. J a H a da contains the space 3\[ a ,b) of restrictions to [a,b) of those sections h 
for which t i-> h(t) is right continuous with finite jumps (by this we mean, in particular, that 
there exists a left limit) infinitely many points of [a, b), and bounded on [a, b), as a pre-Hilbert 
subspace. 

(A jump at b would not contribute to the inner product. So, the restriction to the right open 
interval [a, b) is necessary in order that the inner product be definite.) 

Let S denote the subspace of all sections h = (h t ) t6R+ of E° O G which are locally 9?, that 
is, for every < a < b < oo the restriction of h to [a, b) is in $R[ a ,2>), and which are stable with 
respect to the isometry g[, that is, there exists an a ^ such that ( ]**[ ) holds for all a > a . 
By 3\f we denote the subspace of all sections in S which are eventually 0, that is, of all sections 
h e S for which there exists an ao ^ such that h a = for all a > otq. A straightforward 
verification shows that 

(h,h') := lim (h(a),h'(a)) da 



defines a semiinner product on § and that (h, h) = if and only if h e N. Actually, we have 



(h,h') = (h(a),h'(a))da 



for all sufficiently large T > 0; see [ ]Arv06| , Lemma 2.1]. So, S/N becomes a pre-Hilbert space 



with inner product (h + N, h' + N) := (h, h'). By H we denote its completion. 
As in [ |Ske07| , Proposition 4.3] we show: 

2.6 Proposition. For every section h and every ao > define the section h a ° as 



h ao •= 



a < a Q 

u[ n h a _ n a e [a + n, a + n + I), n e N . 



Ifh is in CSi(E° O G), then h a ° is in §. Moreover, the set {h a ° + X: h e CS i(E Q Q G), a > 0} is 
a dense subspace ofH. 
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Observe that on H we have a canonical representation of S that acts simply pointwise on 
sections. (This representation is faithful, because E° is faithful. Nondegeneracy we see in a 
minute.) It is now completely plain to see that for every (eR + the map x t O h h-> x t h, where 



(x t h) a = 



i 

x t h a - t a >t, 
else, 



defines an isometry w t : E t O H —* H, and that these isometries iterate associatively as required 
for a right dilation. 

The following proposition may be proved as QSke07| , Proposition 4.6]. The arguments are 
similar to those used to show the statement about density in Proposition |2~3[. Actually, the proof 



is simpler, because thanks to Proposition [23] we need not worry to obtain an approximation by 



continuous sections. Thus, it is not necessary to involve partitions of unity. 

2.7 Proposition. Each w t is surjective. In particular, for t = this means that the canonical 
representation of S = E on H is nondegenerate, so that H is a correspondence from S to C. 

As in [ |Ske07[ , Proposition 4.6] we show: 

2.8 Proposition. The w t are continuous in the sense that for every continuous section x e 
CS i(E°) and every h e H the function 1 1-> x t h is continuous. 

We are now in a position to prove the main result of these notes. 

2.9 Theorem. Let E Q be a faithful (continuous) product system of correspondences over a 
C* -algebra S. Then E° admits a faithful nondegenerate (continuous) representation on a 
Hilbert space. 

Proof. It is clear from the preceding propositions that if E° is faithful and continuous, then the 
w t form a continuous right dilation. So, the representation rff is faithful, nondegenerate and 
continuous in the sense that t i-> rff(x t ) is strongly continuous for every continuous section 
xeCSi(E Q ). 

If E is just an algebraic product system, then everything is much easier. (Simply, instead of 
^ H a da use direct sums. All the technical Propositions |2.3|, |23| , [274 [2/7[ |2T8| and Corollary |Z4] 
are superfluous, and we obtain a right dilation that, definitely, is not continuous.) ■ 

2.10 Remark. The condition to be faithful is also necessary for a product system to admit a 
faithful nondegenerate representation rj. Indeed, suppose there is a t e R.+ such that bx t = for 
all x t e E t . Then rjo(b)n t (x t )h = rj t (bx t )h = for all x t 6 E t ,h 6 H. As rj t is nondegenerate, this 
implies 7] (b) = and as rj is faithful, this implies b = 0. 
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By [ |Ske07| , Lemma 3.2] continuous product systems of correspondences over a unital C*-al- 
gebra are full automatically. Note that this is not true in the nonunital case; see [ |Ske04] , Example 
4.13] (old version). So for having Theorem [2.9|for correspondences over nonunital C*-algebras, 
the improved version [ |Ske09d| , Theorem 8.3] of Hirshberg's result [ Hir05P is indispensable. 



3 Applications 

In this section we discuss two applications of Theorem [2~9"|. One is a C*-version of a theorem 



due to Arveson and Kishimoto, the other an existence result for a certain type of dilation of 
CP-semigroups. 

3.1 Theorem. Let E be a full Hilbert module over a unital C* -algebra S and let fibe a strongly 
continuous strict faithful E Q -semigroup on H> a (E). Then there exists a faithful correspondence 
K from H>"(E) to C with strict left action (that is, a Hilbert space with a faithful nondegener- 
ate strict representation ofB a (E)) and a strongly continuous unitary group u on K such that 
& t (a)k = u t au*kfor all a e H> a (E), t e R+, k e K. 

Proof. Suppose we have a left dilation v t : E O E t — > E and a right dilation w t : E t O of 
a product system E Q . Then, by setting u, := (v t O id//)(id £ ©a;*), which acts as x O y t h i-» xy t G>h 
(note that this is nontrivial!), we define a unitary semigroup u t on K := E © H. Moreover, 
we recover the iso-semigroup § v on ^"(E) by restricting u t • u* to *B a (E) © id//. So, our job 
is to recover ■& as from a left dilation of a product system (mentioned in the introduction), 
to construct a right dilation (Theorem |2.9j), and to show that the corresponding semigroup u is 
sufficiently continuous. 

Suppose the ito-semigroup ■& acts on a Hilbert S-module E with a unit vector (Otherwise, 
by pke09d| , Lemma 3.2] there is a natural number n such that E n has a unit vector. We may 
pass to the inflation of § to an i^-semigroup on B a (i?") = M n CB a (E)) that gives back § by 
embedding H> a (E) unitally into the diagonal of M„CB a (E)).) Then as explained in pke03b| , 



Section 7], we obtain a continuous product system E° and a left dilation of E° that gives back 
in the following way. Put E, := & t (^*)E, equip E t with the left action bx, := & t (^b^*)x t 
of S, and define v t : x Q y, h-> -& t {x^*)y t - Then x s y t := v,(x s O y t ) defines a product system 
structure on E° = (E t ) teR+ and the v, define a left dilation of E Q to E giving back ■& = ■&". 
Moreover, choosing for i t the canonical embedding of the submodule E t of E into E, we turn 
E e into a continuous product system. Note that the left dilation is continuous in the sense that 
t h-» jcj/, = & t (x^*)y t = & t (x^*)i t y t for every continuous section i/. 

Since £ is full and #> is faithful, E t is faithful. For w t we choose the right dilation from 



Theorem 2.9 
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The proof of continuity of u t is quite standard following similar proofs in [|Ske03b|, |Ske07[] 



As the family u t is bounded uniformly, it is sufficient to check strong continuity on the total 
subset of K formed by all xOh. Let £ denote a continuous section of unit vectors with £o = 1, as 
granted by QSke07| , Lemma 3.2]. Then for all sufficiently small t, the elements £ t h are close to h 
and, therefore, the elements x © £ t h are close to xOh. Similarly, x£ t is close to x and, therefore, 
also x£ t Oh is close to xQh. We find that 

u,(xQh)- xQh = u t {xQh)-u t {xQ^ t h) + u,{xQ^ t h)- xQh = u t (xOh-xO£ t h) + (x£ t Oh-xOh) 
is close to 0. ■ 

3.2 Corollary. Let & be a strongly continuous faithful semigroup of nondegenerate endomor- 
phisms on a C*-algebra S. (By nondegenerate we mean span -&,(S)!B = Sfor all t e R+.J Then 
there exists a faithful correspondence Kfrom S to C and a strongly continuous unitary group u 
on K such that $ t (b)k = u t bu*kfor all b 6 S, t 6 R+, k e K. 

Proof. & extends from S = to a strict ito-semigroup on ■ 

3.3 Remark. For von Neumann algebras £ c S(G) and ^o-semigroups that are continuous 
in the strong operator topology of 25(G), the statement of Corollary ^]2| is due to Arveson and 
Kishimoto QAK92| ] . In [ [Ske09bfl we will provide analogue proofs of a version of Theorem ^72 



for von Neumann modules and the result of [ |AK92| ], that is, Corollary [3]2] for von Neumann 
algebras. 

We now come to elementary dilations of CP-semigroups. Recall that a CP-semigroup is 
a semigroup T = (T t ) teR+ of completely positive (CP-)maps on a C*-algebra. A CP-map T is 
faithful, if T(b*b) = implies b = for all b e !B. It is semifaithful, if its GNS-correspondence 



E is faithful. (Recall that by Paschke QPas73| ] the GNS-correspondence is that unique corre- 



spondence over & that contains a vector £ that generates E as correspondence and that fulfills 
(£, b%) = T(b). Alternatively one may require that some (and, therefore, every) Stinespring rep- 
resentation is faithful.) A CP-semigroup T is (semi-)faithful, if every T t is (semi-)faithful. A 
CP-semigroup T is elementary, if it has the form T t (b) = c* t bc t for some semigroup c = (c f ) (gR+ 
of elements in S. An elementary dilation of a CP-semigroup T on S is a C*-algebra J?t with an 
embedding tp : S — » J?l and a semigroup c = (c f ) feR of elements in J?l such that 

^> o r(Z?) = c*(p(b)c t 

for all eSand?eR + . 

3.4 Theorem. Every semifaithful ( strongly continuous ) CP-semigroup on a unital C* -algebra 
admits a (strongly continuous) elementary dilation to some S(//). 
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Proof. Recall that a unit for a product system E° of correspondences E t over a unital C*-alge- 
bra & is a family £° = (&) of elements £ e £ ? that factors as tj s+t = £ s £ with £o = 1- Bhat and 
Skeide [ |BSO0| ] associate with every CP-semigroup T on a unital C*-algebra S a product system 
E° of correspondences over 2> and a unit £ such that T t (b) = {jj t , bg t ). (This product system is 
unique, if we require that it is generated by the unit £ .) 

If T is semifaithful, then already the left action of £ on the S-bimodule of E t generated 
by £ t is faithful. Therefore, we may apply Theorem O] to obtain a right dilation w of E° to a 
correspondence H from S to C and, further, e faithful nondegenerate representation rj := rf of 
E Q on H. It follows that c t := Tj t (g t ) is a semigroup in H>(H) and that c*jjo(b)c t = /7q((&, b%t)) = 
?7o o T t {b). 

If r is strongly continuous then by QSke03b| , Section 7] the product system generated by 



£ is continuous and £ is among the continuous sections. By Theorem pT9| , we may chose the 
right dilation w continuous. But this means precisely that t i-> i] t (x t ) is strongly continuous for 
every continuous section x. Since <;° is continuous, so is c. m 



3.5 Remark. Note that, in particular, uniformly continuous CP-semigroups fit into the assump- 
tions of Theorem [3~4[ (In fact, every T t is invertible so that b% t = => T t (b*b) = => b*b = 
=> b = 0, so that T t is even faithful.) We think that in this way Theorem ^]4] might be helpful 



in finding a proof of the fact that a suitable strong closure of E° contains a central continuous 
unit co°, that is, a unit where all co t commute with all elements of S. By Barreto, Bhat, Lieb- 



scher and Skeide [ BBLS04] ] this statement is equivalent to the results by Christensen and Evans 
QCE79D on the form of the generator of a uniformly continuous CP-semigroup. 



3.6 Remark. For a CP- semigroup T on S, the proof of Theorem starts with the construc- 
tion from QBS00| ] of a product system E° of S-correspondences and a unit £ for that product 
system. Then Theorem fT5| is applied to that product system E G providing a representation 
of E°. In the case of a normal CP-semigroup on a von Neumann algebra S, also Muhly and 



Solel HMS02Q construct a product system and, then, a representation of that product system. 
We would like to emphasize that the product system constructed in QMS02|] is E' Q , the corn- 



mutant of E° (see [ ]Ske03a| , (SkeQ8Q ). The construction in OMS02Q of a representation (that is, 
of a right dilation) of E'° is equivalent (via commutant) to the older construction in QBS00Q of 
an Eo-semigroup (that is, a left dilation) for E° based on the unit £ G . The construction of an 
£o-semigroup from a unit is much easier than the general result in QSke07| ] without unit. It has 



nothing to do with our representation in Theorem ^9 



3.7 Remark. We would like to mention that, after the first version of these notes, in Skeide 
QSke09c| ] we constructed a continuous product system with a continuous left dilation for a 
strongly continuous iso-semigroup on H> a (E), where E may be a full Hilbert module over a 
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cr-unital C*-algebra S, or any Hilbert module E over an arbitrary C*-algebra as long as E 
contains a direct summand S. Theorem pTT| holds under these conditions, too. 
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